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Abstract—Likelihood fusion is a special case of Bayesian
networks known as naı̈ve Bayes. It is well known that as the
number of observations goes to infinity with known likelihoods,
the aleatoric uncertainty of the queried (or parent) variable goes
to zero, and furthermore, the declared values are guaranteed to
match the ground truth. This work considers the case that the
conditional probabilities are learned with limited training data
leading to uncertain likelihoods, and second-order probabilistic
reasoning is incorporated to characterize the aleatoric and
epistemic uncertainty. Remarkably, it is shown that both the
aleatoric and epistemic uncertainty goes to zero despite limited
knowledge of the likelihoods. The rate of convergence is dictated
by a quasi-divergence value that is related to the Kullback-Liebler
(KL) divergence. However, the quasi-divergence can be negative
leading to false declarations. This paper investigates when false
declarations can emerge and shows how such cases diminish as
the amount of training data for the likelihoods increases.

Index Terms—Uncertain Bayesian Networks, Second-Order
Probabilities, Aleatoric and epistemic uncertainty

I. Introduction

Bayes rule is the predominate basis of many information

fusion processes [1] such as target tracking and object classifi-

cation. While classification can entail the processing of sensor

streams, it can also incorporate other contextual features such

as the kinematic states of the unknown target. The NATO

STANAG 4162 elucidates a wide array of contextual features

that can be incorporated in an identification process [2], and

at the heart of the process is fusion of likelihoods, which is

simply the implementation of Bayes rule.

Fundamentally, likelihood fusion can be represented as a

special case of a Bayesian network known as naı̈ve Bayes

(see Figure 1), which reasons probabilistically. Over the years,

naı̈ve Bayes and probabilistic approaches in general have

been criticized for not being able to handle imprecision in

the likelihoods (or conditional probabilities of the evidence

variables) and conflicts between likelihoods [3]. In this light,

imprecise versions of naı̈ve Bayes have emerged, e.g., based on

fuzzy sets [4], credal sets [5], and rough sets [6]. A survey of

inference and learning methods for the more general imprecise

Bayesian network problem is provided in [7].

Some researchers have argued that probabilistic Bayesian

reasoning can in fact incorporate imprecision and conflict

through proper modeling of the situations [8]. This work

considers second-order probabilities [9] to develop uncertain

naı̈ve Bayes that models the imprecision of the conditional

probabilities by the posterior distribution of these probabilities

given a limited size training dataset. Recent work with general

uncertain Bayesian networks have demonstrated empirically

that such second-order probabilities lead to a better calibration

of the desired confidence to capture the ground truth than

credal and evidential theory approaches [10], [11].

This paper characterizes the performance of second-order

probabilistic reasoning as the number of observational nodes

providing measurements (see Figure 1) grows asymptotically.

For precise naı̈ve Bayes, the classic result is that asymptoti-

cally, the predicted value of the parent node will be confident

and correct [12]. The theoretical results in this paper show that

for uncertain naı̈ve Bayes, predictions become both precise and

confident asymptotically even in the presence of small training

datasets. However, for small datasets, there are cases where the

prediction is almost surely wrong.

The analysis in this paper is part of a larger effort of the

Uncertainty Representation Working Group (ETURWG) to en-

hance the uncertainty representation and reasoning evaluation

framework (URREF) with an understanding of the tradeoffs

of various uncertainty representations [13]. The URREF helps

information fusion system developers to properly incorporate

uncertainty in their designs. Future work needs to consider the

asymptotic performance of other representation for uncertain

naı̈ve Bayes fusion.

This paper is organized as follows. Section II reviews the

precise naı̈ve Bayes formulation, and Section III introduces the

uncertain formulation. The theoretical results are presented in

Section IV followed by examples that validate the theory in

Section V. Section VI provides a discussion of the results, and

finally, Section VII concludes the paper.

II. Precise Naı̈ve Bayesian Networks

A Bayesian network is a directed graphical model that

describes the joint probability mass function (pmf) of a set of

random variables. The model then enables the determination

of the posterior probability of target variables conditioned on

the values of other observed variable values. Many sensor

fusion problems can be modeled by a special Bayesian network

known as naı̈ve Bayes, which models the classification prob-

lem. Here, the target variable H is the parent to Z̃ variables

whose values are observed (see Figure 1). The process of

determining the posterior probability of the value of H given

the values of the children nodes is known as likelihood fusion.

The value of H can represent the target class, and the value

of the children nodes enable an inference method to determine

the posterior probabilities of the true target class.

In this work, we consider a binary valued parent H whose

value h ∈ {0, 1} is unknown and needs to be determined. The
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Figure 1: Structure of the naı̈ve Bayesian network.

observation nodes are K-valued categorical variables such that

the value of the i-th node, i.e., zi ∈ {1, · · · ,K}, are drawn by

a categorical distribution whose probabilities are conditioned

on the value of the parent, i.e,

zi ∼ PC(z|h) =
K
∏

k=1

(pi,h,k)
δz,k , (1)

where pi,h,k = pZi|H(zi = k|h) form the parameters of

the Bayesian network and represents the probability that the

observation from the i-th node takes the value k conditioned

on the parent value being h. Note that δz,k is the Kronecker

delta function that is zero unless z = k in which case the

value is one. Because the observations are drawn from different

distributions if h = 0 or h = 1, it is possible to determine a

posterior probability for h.

Overall, the joint pmf of the Bayesian network is

p(z, h) = pH(h)

Z̃
∏

i=1

pi,h,zi , (2)

where for ease of notation1 pH(h = 0) = pH(h = 1) = 0.5.
For the classical Bayesian inference, the probability of the

parent (or target) value given by the evidence is

p(h = 1|z) =

∏Z̃

i=1 pi,1,zi
∏Z̃

i=1 pi,1,zi +
∏Z̃

i=1 pi,0,zi

. (3)

It is well known [12] that as long as the conditional proba-

bilities are correct, as the number of observations Z̃ → ∞,

then likelihood fusion determines the true value of h with zero

error, i.e., p(h = 1|z) = 0 when h = 0 and p(h = 1|z) = 1
when h = 1.

III. Uncertain Naive Bayesian Network

In practice, the conditional probabilities are not known a

priori and must be learned from training data comprising of

observations drawn from the i-th node when the value of

parent h is known to be zero or one. Given enough training

data, one can use the maximum likelihood estimates of the

conditional probabilities as the true conditional parameters in

the Bayesian network. However, with limited training data, it

1The asymptotic results in Theorem 1 hold for any non-extreme prior such
that pH(h = 0) ∈ (0, 1).

is crucial to consider the conditionals as random variables as

answers to many queries may not be supported by the training

data. As a result, second-order probabilities have been used to

extend inference methods for Bayesian networks to determine

a distribution for the queried probabilities [10], [11], [14].

The training data consists of the values of the variable

values of all nodes in the Bayesian network over various

independent instantiations of sampling from the joint pmf.

Then, the posterior distribution of the conditional probabilities

is determined by counting the instances of various children

variable values when the parent variable takes on particular

values. To determine the posterior distribution, let’s consider

a non-informative prior that the probabilities p for the K

different values is uniformly distributed2 over the simplex of

possible values, i.e.,

S =

{

p ∈ R
K
≥0 :

K
∑

k=1

pk = 1

}

. (4)

Given N instantiations where the parent variable takes value

h and the counts for the occurrence of the various K values of

the child is n, which is in the discrete simplex of non-negative

integers summing to N , i.e.,

NN =

{

n ∈ Z
K
≥0 :

K
∑

k=1

nk = N

}

, (5)

then it is easy to show that the posterior distribution for the

probabilities over the simplex S is Dirichlet distributed via

fβ(p;α) =
1

B(α)

K
∏

k=1

pαk−1
k , (6)

where the Dirichlet parameters αk = nk+1 for k = 1, . . . ,K,

and B(α) is the K-dimensional beta function [15].

The Dirichlet distribution is a second-order probability of

the categorical pmf. Any second-order probability distribution

of the conditional probabilities encodes both aleatoric and

epistemic uncertainty about the uncertain Bayesian network.

Aleatoric uncertainty is the intrinsic randomness in the model

and is based on the actual probability values, where the Shan-

non entropy of the probabilities is a reasonable quantification

of aleatoric uncertainty. Note that aleatoric uncertainty is

irreducible with respect to the training data as it is related

to the ground truth probabilities. On the other hand, epis-

temic uncertainty represents the knowledge gap when learning

the conditional probabilities from finite training data. While

there are various ways to quantify these uncertainties, many

researchers in the machine learning community computes the

aleatoric (AU) and epistemic (EU) uncertainties as [16], [17]

AU = −

∫

S

K
∑

k=1

pk log(pk)f(p)dp, (7a)

EU = −
K
∑

k=1

∫

S

pkf(p)dp log

(
∫

S

pkf(p)dp

)

− AU,

(7b)

2Other priors could be considered leading to less elegant analytical results.



where f(p) is a second-order density of possible pmfs that

need not be Dirichlet.

To train the uncertain naı̈ve Bayes network, Ni,h samples

of instantiations of the value of node i are collected when the

parent value is h. These instantiations are summarized as a

histogram of possible values ni,h ∈ NNi,h
. These values are

samples of the multinomial distribution whose parameters are

the true conditional probabilities pi,h so that

ni,h ∼ PM (n;pi,h) =

(

N

n1 · · ·nk

) K
∏

k=1

pnk

i,h,k. (8)

Once training obtains the counts ni,h, the conditional proba-

bilities are known within Dirichlet distributions (given by (6))

with parameters αi,h = ni,h + 1.

Given the distributional knowledge of the conditional proba-

bilities, second-order probabilities determine the distributions

of the queried pmf via the non-linear relation given by (3),

where the conditionals pi,h are replaced with the correspond-

ing random variables Pi,h that are distributed via (6). This

means that the queried output pmf is actual a random variable

P (h = 1|z), but due to the nonlinear operation, the exact

distribution is intractable. Prior work has investigated the δ-

method as a means to fit the output distribution to a Dirichlet

by propagating second-order statistics via linearization of

the operations that transforms the conditionals to the output

queried probabilities [10], [11], [14]. While the δ-method has

proven to provide a well-calibrated expression of uncertainties

about the queried outputs in empirical studies of small sized

Bayesian networks [11], preliminary studies with the naı̈ve

Bayes network indicate that the accuracy of the δ-method

drops as the number of children nodes Z̃ gets large.

The Monte Carlo method is a more accurate means to

approximate the target query distribution than the δ-method,

but it is more computationally complex. As such, it was

used for gold standard comparisons in [11]. In short, Monte

Carlo methods generates S instantiations of the conditional

probabilities sampled from their respective Dirichlet posteri-

ors. Then a standard first-order Bayesian inference method

[18]–[20] determines the queried probabilities (e.g. (3)) for

each instantiations. Finally, the first two moments (mean and

variance) are computed for the output probabilities over the S

instantiations and the Dirichlet distribution that best matches

these moments approximates the true second-order distribution

for the queried output.

For second-order inference of the uncertain naı̈ve Bayes

network, the s-th instantiation for the i-th node when the parent

value is h is samples from the Dirichlet distribution as

p̂
(s)
i,h ∼ fβ(p;ni,h + 1). (9)

The s-th queried probability p̂(s)(h = 1|z) are computed via

(3), where the conditional probabilities pi,h,k are replaced with

the samples p̂
(s)
i,h,k. The final stage approximates a Dirichlet

distribution via moment matching using the collection of the

S queried values.

The theory in the following section will consider the Monte

Carlo approach to analyze the performance of the uncertain

naı̈ve Bayes network as the number of children Z̃ → ∞.

Remarkably, all traces (or instantiations) almost surely lead

to declaring the same confident decision (either P (h = 1|z)
is one or zero) meaning that both the declared aleatoric and

epistemic uncertainties (as computed by (7a) and (7b)) are zero

in par with the case of precisely known conditional probabil-

ities. However, there are cases when the certain declaration is

wrong. These cases become rarer as the amount of training

data to learn the conditional probabilities gets larger.

IV. Theory

To show that both aleatoric and epistemic uncertainty goes

to zero for uncertain naı̈ve Bayes network queries, this section

considers the convergence of the log-likelihood ratio for the

two hypothesized values of the parent for an arbitrary Monte

Carlo instantiation (trace) of conditional probabilities to de-

termine one possible query result. Without loss of generality,

we set the parent value to h = 1 so that p(h = 1|z) = 1
is the correct declaration. It can be seen that the uncertain

computation p(h = 1|z) has a one-to-one correspondence with

the log-likelihood by rearranging terms in (3) and replacing

the conditional probabilities with their random variables s.t.

p(s)(h = 1|z) =
1

1 + e−L(s)(z)
, (10)

where L(s)(z) is the s-th Monte Carlo instantiation of the

sampled log-likelihood

L(s)(z) =

Z̃
∑

i=1

ℓ
(s)
i =

Z̃
∑

i=1

log

(

p̂
(s)
i,1,zi

p̂
(s)
i,0,zi

)

. (11)

The log-likelihood ℓ
(s)
1 due to the observation at the i-th

node and the s-th trace is the result of the local observa-

tion zi and the sampled conditional probabilities p̂
(s)
i,h. The

observation zi is a sampling via (1) once where h = 1. Each

set of conditional probabilities p̂
(s)
i,0 and p̂

(s)
i,1 are sampled for

each trace from the posterior Dirichlet distribution in (9) with

corresponding trained counts of ni,0 and ni,1, respectively.

Note that the training process to determine these counts are

done once by effectively sampling the counts via (8) for

h = 0 and h = 1. Overall, the generative process for ℓ
(s)
1

is conditioned on the true conditional probabilities pi,0 and

pi,1.

Essentially, the naı̈ve Bayes is a likelihood test whose

performance is driven by the expected log-likelihood at each

node

D(pi,1,pi,0) = E

[

log

(

p̂i,1,z

p̂i,0,z

)]

. (12)

We refer to this expected log-likelihood as the uncertain quasi-

divergence between the conditionals at the i-th node due to its

analytical form as expressed by the following lemma. Note for

ease of notation, we drop the explicit index for the node i in

the remainder of the paper unless necessary for context.



Lemma 1. Given that a node observation is sampled from a

K-value multinomial with pmfs p1 and p0 and trained using

N1 and N0 samples when the parent node has value h = 1
and h = 0, respectively, the expected log-likelihood when the

true parent value h = 1 is

D(p1,p0) =

K
∑

k=1

p1,k (LN1(p1,k)− LN0(p0,k))

+

K−1
∑

i=1

(

1

N0 + i
−

1

N1 + i

)

,

(13)

where

LN (p) = −
N
∑

n=1

1

n
(1− p)n (14)

is the N -th order power series approximation of the logarithm

function.

Proof. See Appendix A.

It is clear that as the training set sizes grow,

limN→∞ LN (p) → log(p), and the second summation

term in (13) goes to zero. Thus it is easy to see that

the uncertain quasi-divergence asymptotically converges to

the Kullback-Leibler divergence DKL(p1||p0). However,

D(p1,p0) is not a divergence in the strict sense as it can

be negative, and there are cases when D(p1,p0) = 0 even

though p1 ̸= p0.

For using the uncertainty quasi-divergence for analysis, we

need the following lemma.

Lemma 2. Given a node observation as described in

Lemma 1, the variance of the log-likelihood is bounded by

a finite value, i.e.,

VAR[ℓi] < 2ψ(1)(1)+(1 + log(max{N1, N0}+K))
2
<∞.

(15)

Proof. See Appendix B.

Note that ψ(1)(·) is the trigamma function, which is the first

derivative of ψ(·), and ψ(1)(1) ≈ 1.6449.

To enable analysis for possibly heterogeneous observational

nodes in the network, we assume that all the observational

nodes are K-valued multinomial distributed where their con-

ditional pmfs are determined as independent identically dis-

tributed samples

pi,1 ∼ f1(p), pi,2 ∼ f0(p) (16)

for all i ≥ 1. As a result, the average uncertain quasi-

divergence as the number of observational nodes grows asymp-

totically converges to a finite mean value, i.e.,

lim
Z̃→∞

1

Z̃

Z̃
∑

i=1

D(pi,1,pi,0) → D̄, (17)

where

D̄ =

∫

S×S

D(p1,p0)f1(p1)f0(p0)dp1dp0. (18)

The generation of the log-likelihood value for Monte Carlo

analysis at each of the observation nodes may appear to

be identical: 1) sample the conditional pmfs, 2) sample the

training counts, 3) sample the conditional pmf estimates.

However, the values of ℓ
(s)
i for i = 1, . . . , Z̃ are not identically

distributed because the amount of training data can vary for

each observational node. Nevertheless, we assume

sup
i

max{Ni,1, Ni,0} = Ñ <∞. (19)

The following theorem is the main result of this paper relating

the asymptotic performance of queried parent probability

values.

Theorem 1. Asymptotically as Z̃ → ∞ the epistemic and

aleatoric uncertainty of the naı̈ve Bayes query result of (3)

goes to zero declaring that h = 1 or h = 0. When the parent

value h = 1, then the declaration is true when D̄ > 0, but it

is false when D̄ < 0.

Proof. Given that ℓ
(s)
i are independently distributed with vari-

ances bounded by 2ψ(1)(1) + (1 + log(Ñ + K))2 < ∞,

Kolmogorov’s strong law of large numbers [21] shows that

with probability 1,

lim
Z̃→∞

1

Z̃
L(s) → D̄.

If D̄ > 0, then for any ϵ > 0, there exist a value Z̃ϵ such that

1

Z̃
L(s) > D̄ − ϵ > 0 ⇒ L(s) > Z̃(D̄ − ϵ),

for all Z̃ ≥ Z̃ϵ almost surely. Thus L(s) → ∞ and

p(s)(h = 1|z) → 1 almost surely. Then for every Monte Carlo

instantiation p(s)(h = 1|z) = 1 leading to a correct declaration

with no epistemic and aleatoric uncertainty. Similarly, for

D̄ < 0, then almost surely L(s) goes to −∞ at a rate of

D̄ leading to p(s)(h = 1|z) = 0 for every Monte Carlo

instantiation, i.e., an incorrect declaration with no epistemic

or aleatoric uncertainty

The theorem shows that in almost all cases where the stan-

dard naı̈ve Bayes asymptotically leads to a correct declaration

with zero aleatoric uncertainty (epistemic uncertainty is always

zero), the uncertain naı̈ve Bayes also asymptotically achieves

zero epistemic and aleatoric uncertainty. When pi,1 = pi,0

and N1 = N0, the observations are uninformative and both

DKL and uncertain quasi-divergence are zero, leading to

no refinement of uncertainty. Note, that there are additional

cases leading to a zero uncertain quasi-divergence (see the

boundaries in Figures 2(b) and (d)).

Unlike the classic result, the theorem also indicates that

when the average quasi-divergence is negative, then the certain

declaration is wrong. As the training data sizes Ni,h grows,

uncertain quasi-divergence gets closer to the KL divergence,



and the number of cases where it is negative decreases. For the

condition that there is balance between the training data for the

h = 1 and h = 0 cases, then the second term in (13) is zero.

If there is more training data for the ground truth parent value

h = 1 so that Ni,1 > Ni,0, then the second term in (13) leads

to a positive bias increasing the uncertain quasi-divergence and

decreasing the cases where wrong declarations can occur. On

the hand, if the training data is larger for the alternative parent

value h = 0, then Ni,0 > Ni,1, which leads to a negative bias

in the uncertain quasi-divergence. In other word, training data

mismatches leads to biasing the declaration in favor of the

majority class, and when the true class is the minority class,

this leads to a decrease of performance. The theorem provides

a theoretical underpinning for the imbalanced training data

problem [22], which will be illustrated in the next section.

V. Examples

For the sake of simplicity, this section analyzes the case

that the conditional pmfs for each observational node are the

same so that f1(p) = δ(p − p1) and f0(p) = δ(p − p0),
respectively, where δ(·) is the Dirac delta function. The general

assumption is that the decision maker has no knowledge of

the distribution f1 and f0 to leverage these distributions. If

the decision maker knows that the pmfs are the same for each

node, then one could trivially reduce epistemic uncertainty to

zero by pooling together the training data. However, if the

pmfs are not the same, this strategy could lead to bad results.

Figure 2(a) and (c) provides heatmaps for the uncertain

quasi-divergence when the child nodes values are drawn from a

binomial distributions for balance training data of size N = 2
and N = 5, respectively. The y- and x-axes represent the

k = 1 value of the pmf for h = 1 and h = 0 values of

the parent, respectively. Since the parent value is h = 1, the

observations are being driven by the p1 values. Figure 2(b)

and (d) show the regions in blue where the quasi-divergence

is negative. The uncertain quasi-divergence is zero along the

diagonal where p1 = p0. Slightly off the diagonal the quasi-

divergence will dip below zero because the gradient is non-

zero at the diagonal. The valley of negative values is deeper

for the smaller training data size of N = 2. On the other hand,

the divergence values rise faster for the larger N = 5 case. .

The regions of negative quasi-divergence increase when the

training data is imbalanced in favor of the alternative (h = 0)

distributions as shown in Figure 3. The figures show the cases

when N0 = 100, but the ground truth observed distributions

are learned with only N1 = 2 or N1 = 5 samples. For the

most part, the imbalance lowers the divergence except when

p0 and p1 are extremely different. The region of negative

divergence increases forming a convex region surrounding the

diagonal case where the precise naı̈ve Bayes formulation would

be indeterminate but the imprecision and the training data

imbalance leads to declaring the minority class. As the number

of training data samples increases to N = 5, the region of

negative divergence does recede.

When the training data imbalance is in favor of the true

class, the bias increases the uncertain quasi-divergence. When

0 0.2 0.4 0.6 0.8 1

p
0

0

0.2

0.4

0.6

0.8

1

p
1

0

0.5

1

1.5

2

2.5

(a)

0 0.2 0.4 0.6 0.8 1

p
0

0

0.2

0.4

0.6

0.8

1

p
1

(b)

0 0.2 0.4 0.6 0.8 1

p
0

0

0.2

0.4

0.6

0.8

1

p
1

0

0.5

1

1.5

2

2.5

(c)

0 0.2 0.4 0.6 0.8 1

p
0

0

0.2

0.4

0.6

0.8

1

p
1

(d)

Figure 2: The uncertainty quasi-divergence with balanced

training data for various values of the actual p0 and alter-

native p1 observation probabilities for (a) N1 = N0 = 2,

(b) N1 = N0 = 2 (binarized), (c) N1 = N0 = 2, and

(d) N1 = N0 = 2 (binarized).
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Figure 3: The uncertainty quasi-divergence with imbalanced

data training for various values of the actual p0 and alternative

p1 observation probabilities where N0 = 100 for (a) N1 =
2, (b) N1 = 2 (binarized), (c) N1 = 5, and (d) N1 = 5
(binarized).
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Figure 4: The evolution of the value of the query probability

p(h = 1|z) via second-order Monte Carlo inference: (a) N1 =
N0 = 2, and (b) N1 = N0 = 5.
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Figure 5: The evolution of the aleatoric and epistemic uncer-

tainty for the query probability via second-order Monte Carlo

inference: (a) N1 = N0 = 2, and (b) N1 = N0 = 5.

N1 = 100 samples but the alternative class is sampled with

N0 = 2 or N0 = 5 samples, the divergence shifts up except

where p0 and p1 are extremely different. In both cases, the

upward shift is enough for the negative divergence region to

completely disappear. Due to space limitations, the plots are

not provided.

To demonstrate that the uncertain quasi-divergence value

dictates when inference of the uncertain Naı̈ve Bayes leads

to the correct declaration or not, we generated 10,000 traces

of Monte Carlo inference of an uncertain network where the

pmfs for the conditionals are all trained with N = 2 samples

with p1 = [.3, .7]T and p0 = [.1, .9]T . As seen in Figure 2(b),

this condition is in the negative region with D = −0.0600.

Figure 4(a) shows how the traces of the query output p(s)(h =
1|z) cumulatively evolves as more observations are included in

the inference. The figure plots out the average trace along with

the minimum and maximum values. All the probability traces

are going to zero, which is the wrong declaration. Initially,

there are traces confidently declaring either h = 1 or h = 0.

After incorporating 6,000 observations all traces are making

the wrong declaration as negative quasi-divergence predicts.

Figure 5 plots the evolution of the aleatoric and epistemic

uncertainty as computed via (7a) and (7b), respectively. The

plot indicates that around 2000 observations, all traces are

confident (no aleatoric uncertainty), and by around 4,500

observations, the epistemic uncertainty is near zero, with only

a handful of traces correctly declaring h = 1.

Figure 6 plots the evolution of the log-likelihood value as
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Figure 6: The evolution of the log-likelihood L for the query

via second-order Monte Carlo inference: (a) N1 = N0 = 2,

and (b) N1 = N0 = 5.

computed via (11). Specifically, the plots includes the average,

minimum, and maximum value over all traces. Clearly, the log-

likelihood values for all traces are trending down. The proof

of Theorem 1 indicates that the uncertain quasi-divergence

approximates the slope of the log-likelihood, i.e., L(s) ≈ DZ̃.

The figure includes this approximation and shows that it does

track with the average likelihood trace.

Now, let’s consider the same case of p1 = [.3, .7]T and

p0 = [.1, .9]T with a balanced training set, but where N = 5.

Now according to Figure 2(d), this condition is in the positive

region and the quasi-divergence D = 0.0273. Figures 4(b)

indicates that the average probability increases correctly to

a value of one by about 5,000 observations. Because the

magnitude of the quasi-divergence is smaller, it takes almost

10,000 observations for all traces to be confidently correct.

Figure 5(b) indicates that aleatoric and epistemic uncertainty

are decreasing to zero. The epistemic decrease is slower than

the N = 2 case, Finally, Figure 6(b) confirms that the log-

likelihood is trending up at the rate predicted by the uncertain

quasi-divergence.

VI. Discussion

Our prior work had indicated that second-order probabili-

ties generated distributions for the queried probabilities that

provides calibrated confidence bounds through empirical eval-

uations [10], [11]. The analysis in this paper indicates that this

calibration breaks down asymptotically for the pathological

cases when the second-order probability are precise (zero

epistemic uncertainty) and confident (zero aleatoric uncer-

tainty) but completely wrong. This means that the second-

order probabilistic inference does not necessarily work with

the inclusion of more children. This is a limitation as it means

that tabulation of second-order probabilities are not always

sufficient to properly capture uncertainty.

One may need to keep track of the training data sizes

along with the number of observational nodes to determine

if a declaration is uncertain. Alternatively, our recent work

on the Uncertain Likelihood Ratio (ULR) may be able to

to determine implicitly that there is lack of evidence from

the training data to rule out the lower probability class [23].

Future work will consider various methods to determine when

uncertain inferences can actually be confident or not.



VII. Conclusion

This paper analyzes the the asymptotic performance of

second-order probabilistic inference of uncertain naı̈ve Bayes

networks. It turns out that asymptotically the aleatoric and

the epistemic uncertainty go to zero. The decay rate of the

uncertainty is dictated by the expected log-likelihood that

forms the uncertain quasi-divergence. In most cases, especially

as the training dataset size increases, the quasi-divergence is

positive leading to correct inference. However, when the quasi-

divergence is negative, the inference is wrong. Future work

will expand the analysis to consider multiple classes, higher

dimensionality K > 2, and continuous-valued observations.

Appendix A

Proof of Lemma 1

The expected value of the log-likelihood of the i-th node is

D(p1,p0) =
∑

z,n0,n1

ϕ(n1,n0)PC(z;p1)·

· PM (n0;p0)PM (n1;p1),

(20)

where ϕ(n1,n0) is the expected log-likelihood over the dis-

tribution of conditional probabilities, i.e.,

ϕ(n1,n0) = E
p̂1,p̂0

[

K
∑

k=1

δz,k

(

log

(

p̂1,k

p̂0,k

))

]

=

K
∑

k=1

δz,k ((ψ(n1,k + 1)− ψ(N1 +K))

−(ψ(n0,k + 1)− ψ(N0 +K))) ,

since E
p̂

[(log(p̂k))] = ψ(nk+1)−ψ(N+K). Note that ψ(a) =

d
da

log Γ(a) is the digamma function.

Taking the expectation of ϕ over the observation and counts

n leads to

D(p1,p0) =

K
∑

k=1

E
z
[δz,k]E

n1

[ψ(n1,k)− ψ(N1 +K)]

· E
n0

[ψ(n0,k)− ψ(N0 +K)].

(21)

Clearly, the expectation of the categorical distribution

E[δz,k] = p1,k. The expectation of the digammas over the

multinomial can be derived for a generic pmf with pararame-

ters p so that

E
n

[ψ(nz + 1)− ψ(N +K)]

=
∑

n∈NN

(ψ(nz + 1)− ψ(N +K))PM (n;p),

= −ψ(N +K) +

K
∑

nz=0

ψ(nz + 1)

(

N

nz

)

pnz

z ·

·
∑

n
−z∈NN−nz

(N − nz)!
∏

i ̸=z(ni)!

∏

k ̸=z

pnk

k ,

= −ψ(N +K) + g(pz), (22)

where

g(pz) =
N
∑

nz=0

ψ(nz + 1)

(

N

nz

)

pnz

z (1− pz)
N−nz .

To determine a simple closed form of g(pz), we take its first

derivative to obtain

g′(pz) =
N
∑

nz=0

ψ(nz + 1)

(

N

nz

)(

nz

pz
−
N − nz

1− pz

)

·

· pnz

z (1− pz)
N−nz ,

= N

N
∑

nz=1

ψ(nz + 1)

(

N − 1

nz − 1

)

pnz−1
z (1− pz)

N−nz

−N
N−1
∑

nz=0

ψ(nz + 1)

(

N − 1

nz

)

pnz

z (1− pz)
N−1−nz ,

= N

N−1
∑

nz=0

(ψ(nz + 2)− ψ(nz + 1))·

·

(

N − 1

nz

)

pnz

z (1− pz)
N−1−nz ,

= N

N−1
∑

nz=0

1

nz + 1

(

N − 1

nz

)

pnz

z (1− pz)
N−1−nz ,

=
1

pz

N
∑

nz=1

(

N

nz

)

pnz

z (1− pz)
N−nz ,

=
1− (1− pz)

N

pz
=

N−1
∑

n=0

(1− pz)
n.

Integrating g′ and noting that g(1) = ψ(N + 1) leads to

g(pz) = ψ(N + 1) + LN (pz), (24)

where

LN (pz) = −
N
∑

n=1

1

n
(1− pz)

n

is the N -th power series approximation of the logarithm

function.

Plugging (24) into (22) leads

E
n

[ψ(nz+1)−ψ(N+K)] = ψ(N+1)−ψ(N+K)+LN (pz).

Note that it is known that [24, Section 1.3]

ψ(N + 1)− ψ(N +K) = −
K−1
∑

i=1

1

N + i
. (25)

Now plugging in the expected values in (21) leads to the

expression of D(p1,p0) in (13).



Appendix B

Proof of Lemma 2

The total variance of the log-likelihood can be broken down

into parts via

VAR[ℓ] = E[(ℓ− ϕ(n1,n0) + ϕ(n1,n0)−D(p1,p0))
2]

= E[(ℓ− ϕ(n1,n0))
2] + E[(ϕ(n1,n0)−D(p1,p0))

2]

= E[VAR
p̂1,p̂0

[ℓ|n1,n0]] + VAR[ϕ(n1,n0)]

First, lets bound VAR
p̂1,p̂0

[ℓ|n1,n0] uniformly with respect to n1

and n0 by noting that

ℓ−ϕ(n1,n0) =
K
∑

k=1

δz,k (log p̂1,k − ψ(n1,k + 1) + ψ(N1 +K))

− δz,k (log p̂0,k − ψ(n0,k + 1) + ψ(N0 +K)) ,

so that

VAR
p̂1,p̂0

[ℓ|n1,n0] =

K
∑

k=1

(VAR
p̂1

[log p̂1,k] + VAR
p̂0

[log p̂0,k])

=

K
∑

k=1

δz,k

(

ψ(1)(n1,k + 1)− ψ(1)(N1 +K)

+ψ(1)(n0,k + 1)− ψ(1)(N0 +K)
)

≤
K
∑

k=1

δz,k(2ψ
(1)(1)) ≤ 2ψ(1)(1), (26)

The above derivation is leveraging the relationship between the

variance of the log of Dirichlet distributed probability values

and the trigamma function, and the fact that the trigamma

function is non-negative and monotonically decreasing for

R≥0 [25].

Next, VAR[ϕ(n1,n0)] is bounded by simply using the upper

bound for ϕ(n1,n0) in (21). Using the difference of digammas

identify in (25), it is easy to see that for 0 ≤ n ≤ N , the lower

bound is

−(1+log(N+K)) ≤ −
N+K−1
∑

i=1

1

i
≤ ψ(n+1)−ψ(N+K),

and the upper bound is

ψ(n+ 1)− ψ(N +K) ≤ −
N+K−1
∑

i=N+1

1

i
≤ 0.

This leads to the uniform upper bound

ϕ2(n1,n0) ≤ (1 + log(max{N1, N0}+K))2, (27)

which is also an upper bound for VAR[ϕ(n1,n0)]. Overall the

bounds (26) and (27) in relation to the total variance leads to

the bound in (15).
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